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Abstract 

In this paper the quantum direct scattering problem is solved for the Sine- Gordon 
model. Correlators of the Jost functions are derived by the angular quantization method. 
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1. Introduction 



The Inverse Scattering Method |IJ , , is the most powerful technique to solve non 
linear differential equations. It consists of two essential steps. First, we have to transform 
initial conditions to the scattering data which are the Jost functions of the auxiliary linear 
problem. One can consider these functions as an analogue of proper regularized Wilson 
P-ordered exponents in gauge theories. In terms of Jost functions the dynamics becomes 
trivial. Hence, the solution of the initial equation is reduced to inverting of the scattering 
transform. 

In the quantum case handling an equation means a reconstruction of all correlators of 
local fields. From this point of view the solution of the quantum direct scattering problem 
consists of reconstructing all correlators of the Jost functions. In the present paper this 
problem is solved for the Sine-Gordon model. 

The approach we are dealing with in this paper |4|] can be considered as a proper 
generalization of the Baxter transfer matrix method for statistical systems , |j| . Notice 
that an analogue of the Jost functions for lattice systems is the first kind of vertex operators 
introduced in the papers @. Correlators of the Jost functions can be expressed in terms 
of traces over the space of angular quantization. The latter is the scaling limit of the space 
where the lattice corner transfer matrix acts. The angular quantization space for the Sine- 
Gordon model has been constructed in 0, ||. Here it is shown that the transcendental 
functions introduced in || are nothing but correlators of the quantum Jost functions. 

The paper is organized as follows. We explain the main ideas of the construction by 
the elementary example of the Klein-Gordon equation ||, fllQ j. Then they are applied to 
the Sine-Gordon model. 

2. The Klein-Gordon model 

Let us start with a consideration of the Klein-Gordon equation 

(a t 2 -^ + mV = 0. (2.1) 
The phase space of the model is generated by the canonical variables 



tt(x) = d t <p(x, t)\ t=0 , tp{x) = <p(x, t)\ t=0 , 
{ir(x),tp(y)} = S(x-y) . 
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(2.2) 



We shall suppose that the functions tt(x), (p(x) decrease at infinity fast enough and admit 
decomposition in Fourier integrals: 



2.3) 



(p(x) = 2-? [ <!£(A*(P)e- imxsinhl3 + A{[3)e imxsinh P), 

J-oo 27r 

ir(x) = 2~h m [ + — cosh/3 (A*((3)e- imxs ' inh/B - A((3)e imxs ' inhp ) . 

J-oo 2?r 

The solution of ( |2.1| ) satisfying the initial data ( |2.3| ) has the form 

(p(x,t) = 2~* f + ^E^A*(/3)e- im{xsinhp - tcoah ^ + A(p)e im(xsirih P- tcosh ®) . (2.4) 

J-oo 27T 

Let us fix the point (xo,to) = and introduce the Rindler coordinates 

x = r cosh 9, t = r sinh 6; 
— oo < 9 < +oo, < r < +oo , 

in the space-like region 



2.5) 



x > \t\ > . (2.6) 
For any ray 9 = const we define the map 

Scat : <p(r,0) -> \ e (a) 

in the following way: 

p + OO 

X e (a) = lim / dre imrBinha (- -d e + im cosh a) cp(r, 9) . (2.7) 
a^oJ a r 

Using the formula ( |2.4f) it is easy to show that the dynamics becomes trivial in the variables 
X(a) = A 0=o (a): 

X 9 (a) = X(a-9) . (2.8) 

This observation allows one to solve the Klein-Gordon equation by applying the direct and 
inverse transformation (|2.7| ) . The transformation is nothing but Laplace one and it is 
invertible in the class of decreasing functions. So, the solution ip(x, t) in the space-time 
region ( |2"1]| ) is uniquely defined by the initial data tt(x), <p(x) for x > 0. It might be useful 
to point out that this solution method of the Klein-Gordon equation is a prototype of the 
inverse scattering technique for integrable equations. 
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Let us recall now essential steps of the quantization of the Klein-Gordon equation. The 
canonical Poisson structure (|2.2| ) can be quantized by using the correspondence principle, 
which prescribes replacing the classical Poisson bracket with the commutator j? [ , ]. All 
required commutation relations follow immediately from the canonical commutators. In 
particular, 

[A(«i), A(a 2 )] = % h tanh ai ~ a2 . (2.9) 

After the quantization the complex conjugation * becomes the Hermitian one + . The 
Hilbert space of the theory is generated by the basic vectors 



\A{p x )...A{p n ) > m = A(p n )...A(Px)\vac >, 

p n > p n -i > ... > Pi . 



(2.10) 



Here the vacuum state \vac > is specified by the conditions: 

A(P)\vac>=0, < vac\A+(P) = . (2.11) 
In what follows we shall need the explicit form of the vacuum average 

F(ai — 02) =< vac\X(a2)X(ai)\vac > . (2-12) 
Using the formulas ( p.4j) ,( ^?7|) ,( |2.11|) one can get the relation: 

F(a 1 -a 2 ) = - — coth tanh — - — . (2.13) 

4 / ^ Zw 2 2 



The integral ( |2.13p is divergent. To assign a meaning to it we introduce the ultraviolet 
cut-off 

--</?<-, e^O. (2.14) 
e e 

Then 

= —0 L ( a + *" 7r ) tanh ? + t- + °( e ) • ( 2 - 15 ) 
2tt 2 4e 

The reason of this divergence is simple. It indicates that the limit a — > in the quantum 

definition ( |2.7| ) demands regularization. The parameters a and e are related by the obvious 

relation 

7T 

— ~ In ma . (2-16) 
e 



The explicit form of the function F(a) makes it possible to reconstruct correlation 
functions of any operators. For instance, as follows from definition (|2.7|) , 



P + OO P + OO 

/ / d ri dr 2 e imiriSinhai+r2Sinha2) <vac\ip(r u e 1 )ip(r 2 ,e 2 )\vac>= 
Jo Jo 

= (m 2 7r cosh cti cosh a 2 ) _1 [F(6i ~ #2 + ol\ + a 2 — in) + F{6\ — 9 2 — ol\ — a 2 + 

- F(e 1 -e 2 - ai + a 2 ) - F(e 1 -e 2 + ai - a 2 )] , o 1 > e 2 . 

(2.17) 

Inverting the Laplace transformations ( |2.17| ) one can get the familiar expression for the T- 
ordered Green's function < vac\T[<p(xi, ti)(p(x 2 , t 2 )]\vac > . Of course, it does not depend 
on the regularization parameter e ( |2.14j) . 

Since the operator X(a) depends only on 7r(x), <p(x), x > 0, it would seem that we 
reconstructed the Green's function only in terms of the Hilbert space nz associated with 
the half infinite line x > 0, t = . But this is not correct. The point is that the vacuum 
vector \vac > ( |2.11|) does not belong to the space ttz ■ Contrary to the classical situation, 
the quantum dynamics in the area ( |2.6| ) depends on quantum fluctuations penetrating 
through the light cone. Hence, the function ( |2.12| ) can be expressed only in terms of some 
density matrix p which controls these effects [|10| 

< v ac\ \(a 2 )\(a,i) \vac >= tr nz [p X(a 2 )X(ai)~\ . (2-18) 

The reconstruction of the density matrix is based on the following property of the function 

F( a ) flog) 

F(a) = F(-2Tii-a) . (2.19) 

Consequently, 

p = e 2iriK . (2.20) 
Here K is the operator of Lorentz rotations 

e 0K X(a)e- eK = X(a - 0) , 

% /-+ 00 (2-21) 
K = — dr r [n(r) 2 + d r (f(r) 2 + m 2 (p(r) 2 ] . 
2ft Jo 

It is necessary to point out that the formula 

< vac\0 1 (x u ti)...O n (x n ,t n )\vac >= tr 7Tz [e 27TtK 1 (x 1 ,t 1 )...O n (x n ,t n )], (2.22) 



l-K 
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where are arbitrary operators, is a universal relation. It is the condition of uniqueness 
of T-ordered Euclidean Green's functions. For a nontrivial quantum model a description 
of the physical vacuum is a difficult problem |nj . So we shall consider the formula ( |2.22| ) 



as a definition of the physical vacuum state \vac >. It will be a crucial point for our 
construction. Note that an analogous idea was used to investigate the Hawking radiation 
in the Kruskal coordinates [ID|. 



Let us now discuss the structure of the space tcz, which will be called the space of 
angular quantization ||, [H|. The general solution of the Klein-Gordon equation in the 



region ( |2.6| ) has the form: 

-+oo 



<p(r, 



/-t-°° j 

6)= — K iK (mr)[b K e- iK e + bte^ 9 ] . (2.23) 

Jo 71 



Here Ki K (mr) are the Macdonald functions (modified Bessel function) of imaginary order. 
The function X(a) ( P-7|) and the operator of Lorentz rotations K ( |2.21|) can be expressed 
in terms of the oscillators b K , b- K = 6+ (k > 0) 

r + oo r 

\( a + i-)=i / dn — e lKa , 
2 sinh7TK 

J 00 2.24 
i f + °° k 

K = - I dn — b- K b K . 

n J smimn 

As it follows from the formulas ( p.9|) ,( pT2"4]) , the oscillators b K satisfy the commutation 
relations 

[b K ,b K >] = hsinhivK S(k + k') . (2.25) 
The space of angular quantization %z is spanned by the vectors 

btn ■ ••^B„ |0 >G 7tz , Kj < . (2.26) 

Here the vacuum vector |0 >G irz (not to be confused with the physical vacuum \vac >) 
obeys the equations: 

b K \0 >=< 0\b- K = 0, k > . (2.27) 



Using the oscillator representation of the space ttz one can check the formula ( |2.18| ) 
directly . The calculations have been done for the more general case of the Sine-Gordon 
model in the work [Bfl. 



At the end of this section let us discuss the property of the two point average 



/(ai - a 2 ) =< 0|A(a 2 )A(ai)|0 > 



(2.28) 



One can get an explicit form for this function: 



f(a) = h 7T + — ) + const . 



(2.29) 



Here ip(z) is the logarithmic derivative of the gamma function. The function f(ct) satisfies 
the conditions: 

a. Due to the commutation relation (|2l3|), it obeys the functional equation 



b. Due to the vacuum definitions ( |2.27|) , /(cc) is an analytical function in the half 
plane 3m a < . 

c. If Re a — > ±oo , then d a f(a) — > . 

The last requirement has a simple physical meaning. Indeed, from (|2.7|) , ([2.8|) it follows 
that it is equivalent to the boundary conditions 



which can be considered as conditions of absence of the flow through the light cone. 

It is easy to see that the requirements (a-c) uniquely determine the explicit form of 
f(a) ( |2.29|) and the whole structure of the space ttz ■ They admit natural generalization 
for the Sine-Gordon model and can be used as the basis for a reconstruction of the space 
of angular quantization || . 

3. The Sine-Gordon model 

The simplest integrable generalization of the Klein-Gordon equation is the Sine- 
Gordon model 



f(a) — /(—a) = i h tanh — . 



(2.30) 



d e p(r,6)\0 >^ 0, 9 -> -oo, 
< 0\d e p(r,6) -f 0, #^+oo, 



(2.31) 
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It provides the classical integrability of (3J.). We shall consider the solution of the Sine- 
Gordon equation in the region ( |2.6| ). Then, in the Rindler coordinates (|2.5| ) the connection 



A^ has the form: 



A r = — [-d a (pas + 2mcosh(# + a) sin -trO\ + 2rasinh(6' + a) cos -7^-02] 
Ae = — [bd r ipas + 2m sinh(6> + a) sin — o\ + 2m cosh(6> + a) cos — cr 2 ] . 



(3.3) 



Here (k = 1, 2, 3) are Pauli matrices and a is a spectral parameter. 

The phase space of the model is generated by the canonical variables ( |2.2|) . We shall 
discuss the decreasing boundary conditions 



yr(r) = -dg(p(r,6)\ g=0 -> , 
r 

<^(r) = <^(r,#)| e=0 -> y , 



(3.4) 



r — > +00 . 



Contrary to the free massive model, the phase space contains an infinite number of com- 
ponents specified by the integer / . To simplify the discussion we will assume that 



I = (mod 4) 



(3.5) 



For any solution (p(r, 9) of the Sine-Gordon equation in the region (|2.6| ) we can construct 
the following matrix 



nR 

T 6 (a)= lim e^ sinW3 UPexp[ / drA r (r,e,a)} . (3.6) 

R^+oo Ja 



Here 



U 



1 
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1 -i 
-i 1 



If the functions 7r(r), <p{r) tend to their limiting values (|3.4|) fast enough, the standard ar- 
guments allow one to prove that the matrix T 9 (a) exists and satisfies the conditions: 
1. The dynamical equation 



T e (a) = T(a-e) . 



(3.7) 



2. The matrix T(ot) has the following analytical structure 

T(a) = \ iT +^ 1 

T + (a + in) —T_(a + in) 



(3.J 
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Here T a (a) (a = ±) are analytical functions in the strip < 3m a < tt. Hereinafter we 
shall call them the Jost functions. 

3. For real a the Jost functions satisfy the conjugation condition 

i T*(a) = C ab T b (a + m) . (3.9) 

Here we use the notation C ab = C a b = 8 a +b ■ 

4. The determinant of the matrix T(a) is equal to one: 

C ab T a (a + in)T b (a) = i . (3.10) 

We restrict the class of initial data by the following additional requirements: 

5. The function T+(a) does not have zeros in the strip of analyticity < 3m a < tt. 

6. If Re a — > ±oo , < 3m a < tt then 

[T+ia]]' 1 = o(oT^e^) . (3.11) 

It is necessary to point out that the analytical condition 2 can be considered as a constraint 
on asymptotic behavior at r ~ R — > +oo of the initial functions 7r(r),(^(r) (|3.4[) . At the 
same time the requirement 6 determines their permissible behavior in other asymptotic 
area r ~ a — > . Let us also note that the additional requirements 5,6 considered as 
constraints on the initial data are compatible with the dynamical equation ( |3.7| ) . 

Using the properties (1-6) of the Jost functions it is easy to prove the dispersion 
relation: 

T_(a) _ f + °° d5 [T + (5)T + (5 + ztt)]" 1 



T + (a) J-oo 27r sinh(5 — a — iO) 
Introduce the function 

A(a) = -i InT+(a) . (3.13) 



From the above, the formula (|3.6| ) determines the transformation 



Scat : <p(r,d) -> X 9 (a) = X(a-9). (3.14) 



It generalizes the transformation (|2.7|) for the Klein-Gordon model and in the weak- 
coupling limit 6^0 

X SG (a) -> ^X KG (a) + const. (3.15) 



Note that the solution of the Sine-Gordon equation in the region x > \t\ > is reduced to 
applying the direct and inverse transformation Scat (|3.14| ) . 

Let us describe now the canonical Poisson structure ( |2.2| ) in terms of the Jost functions. 
Using the familiar method of calculation 0, one can show that the functions T a (a) form 
a quadratic Poisson algebra: 

{T a (a 1 ),T h (a 2 )} = r^ax - a2)T d (a 2 )T c {a 1 ), -vr < 3m (ai - a 2 ) < vr . (3.16) 

The matrix r^f(a) has the following nontrivial elements: 

, , b 2 a 

r++=r__ = ^ tanh g ' 

r+~ =r~+ = -— P.V.coth- , (3.17) 

b 2 2 
r7l = r+~ = — P.V. — — . 

16 sinha 

These formulas are equivalent to the simple Poisson bracket for the function X(a) ( |3.13| ) 

b 2 Oi\ — ct 2 

{A(«i), A(a 2 )} = tanh , — n < 3m («i — a 2 ) < it ■ (3.18) 

16 2 

Hence we have exactly the same Poisson structure as for the Klein-Gordon equation. 

The quantization technique for the Poisson algebra ( pj.l6p has been developed in . 



In principle, it is a natural generalization of ideas considered in Sec. 2. Here we only 
note that the quantum operators T a (a) satisfy the condition ( |3.1U| ) and the commutation 
relation: 

T a ( ai )T & (a 2 ) = i$(ai - a 2 )T d (a 2 )T c (a 1 ). (3.19) 
The matrix R^f reads explicitly 

R$+ = = R(a), 

_i |_ sinhai/ 

R +- = R -+ = - R W S mh(iTT + ay (3-20) 

„ 4_ „j. ^, s sinhmi/ 

R+t = Rt+ = R(a)—-. — . 

sinh(z7r + ol)v 

Here the function R(a) is represented by : 

/x T(u)T(l - issL) ^ R'(-a)R'(i7r + a) 

- rl- w> 5 w ■ (3 ' 21) 



= r(2 P i/ + ^)r(i + 2px/ + ^) 
pW r((2p+i)i/ + ^)r(i + (2p-i)i/ + is!i)' 

and the parameter v is connected with the constant of interaction b in the following way: 

v = l-—. 3.22 

One can point out that quantization of the dispersion relation (|3.12j) leads to the free field 
representation of the algebra ( |3.19| ) . 

As already discussed in the Sec. 2 the vacuum correlation functions 

< vac\T^(a n )---T^(ai)\vac >= F ai ...a n { a i ~ Oi, — a n ~ n ) 

can be expressed in terms of traces over the space of angular quantization nz- Using the 
notation of || one can write them in the following form: 

(«i,...a») =tr 7rz [e 2 ^ K Z' an (a n )...Z' ai (a 1 )] . (3.23) 

In H the integral representation for these function has been constructed. Here we present 
explicitly only the simplest nontrivial one. 

e¥(Ql - a2 - t7r ) sinht/(ai _ a2 + m) Gf / (ai _ a2) 

F a b[o£i,a 2 ) = Cab — -: Ql _ Q2 ni( . v , (3.24) 

4z^cos7rzy cosh 1 2 2 G (— Z7r) 

where G'(a:) is given by 

s r /-+ 00 citsinh 2 t(l-^)sinh^^ 1 

G'(a)=exp / — ^ £— . 3.25 

v ' l J t sinh2tcosht sinh £ J v ; 

So far we have considered only region x > \t\ > 0. Let us discuss now another 
space-like region in Minkowski space 

x < -\t\ < . (3.26) 

The coordinates in ( |3.26| ) can be chosen as ( j2.5| ), where = —ni + (, — oo < £ < oo. One 
can introduce the Jost functions Q®(a) in an analogous way as for the region x > \t\ > 0: 

Q c (a) = Q(a-C) = hm *Pexp[ [ drA r {r, -in + C, a)lU- 1 e H ^ sinhQ<T3 , (3.27) 

D a ^° Jr 



R^+oo 
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(3.28) 



and 

n(n,\ - \ ^ + ( a ) iQ + (a + iiT) 
H{) [Q-(a) -iQ-(a + iTr) 

Then standard arguments [JIIJ show that vacuum correlation functions of the operators 

T®{a) and Q^(a) can be expressed in terms of ( |3.23|) : 



<vac\T e a: {a n )..T e a l{a l )Q\\{a m+1 )...Q^ 

" (3.29) 

X f ai ....a„ Cl ...c m (ai - 6*1, «n - #n, «7T + «n+l ~ Cl) ■ ■ ■ ? ^ + «n+m ~ Cm) • 

Particularly, the functions 

Fa 1 ...a n c 1 ...c n { OL U ■■■«n, 27T + « n , Z7T + «i) 

describe the vacuum correlators of the elements of the monodromy matrix 

M(a) = T(a)Q(a) (3.30) 

in the Sine-Gordon model. The technique developed in the work || also provides cal- 
culations of matrix elements of arbitrary combination of the Jost functions for soliton 
asymptotic states. In the notation of §| they are expressed in terms of functions: 

fr„[e Shrt,r Zi n (a n )...Z^(a 1 )Z 6l G8 l )...Z 6fc ( j 9 fc )], (3-31) 
which admit integral representations as well as (|3.23|) . 



4. Conclusion 

The quantum direct scattering problem for the Sine-Gordon model admits a com- 
plete solution. Now we should try to solve the inverse scattering problem, which is 
equivalent to determining correlation functions of local operators. At present there is 
only an indirect way to do this: The asymptotic of functions (|3.31|) at Re ak — > ±oo 



defines the form- factors of all local operators in the theory ||. Knowing the form- 
factors one can reconstruct the correlation functions in the familiar manner | I2]] , [13 



14]. Hopefully, there is a more effective and direct way to derive physical correla- 
tion functions in terms of only correlators of the Jost functions ( |3.29| ). From this 
point of view, it will be very useful to analyze the free fermion point b 2 h = 4n [ I5fl . 
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